THE KING’S SCHOOL

Mathematics Extension 2

General Instructions

Reading time - 5 minutes

Working time - 3 hours

Write using black or blue pen
Board-approved calculators may be used

A table of standard integrals is provided at the
back of this paper

All necessary working should be shown in
every question

Answer each question in a separate booklet

Disclaimer
This is a Trial Higher School Certificate Examination only. Whilst it reflects and mirrors both the format and
topics of the Higher School Certificate Examination designed by the NSW Board of Studies for the respective
sections, there is no guarantee that the content of this examination exactly replicates the actual Higher School
Certificate Examination.
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Total marks - 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet Marks

(@) (i) Use the table of standard integrals to show that

lezm(ﬂ) )
0 N4+ X 2

r 2
sec X
(ii) Evaluate J ————— dx 2
0 N4+ tanzx
(b) Find f 2x * 3 gy 2
x+1
(c) By using the substitution t = tan%, or otherwise, evaluate
2
— 1 40 3
o 2 + cosO

(d) Let u, = f x(lnx)ndx, n=20 12, ...
1

(i) Use integration by parts to show that

2un=ez—nun,1,n=1,2,3,... 4
e

(ii) Hence, or otherwise, evaluate f x(In x)2 dx 2
1

End of Question 1
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Question 2 (15 marks) Use a SEPARATE writing booklet Marks
(@A) Letz=1-iand w= -1+ 2i

(i) Find |zw| 2

(i) Showthat z + iw = w 2

oy 12

F —= 2

(iii) Find arg (z " wj

(b) Let z = Y3 4 1;
2 2

(i) Express z in modulus-argument form. 1

(ii) Simplify 1 + Az v+ 3
(c) Let z =cosa + isina, 0 < a <%

Q (w)
P (2)
0
(04
0

On the Argand diagram the point P represents the complex number z and Q

represents the complex number w.

OP = 0Q and ZQOP = 6, 0<es%

(i) Write down the complex number w. 1

(ii) Showthat zw = cos© - isin 2

(iii) By considering A OPQ, or otherwise, deduce that cos% = - llﬂ(@—l 2

zZ - W

End of Question 2
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Question 3 (15 marks) Use a SEPARATE writing booklet Marks

y
(@)
| |
| |
| |
| 1 |
- 1‘ 0 ‘ 1 " x
| |
| |
The diagram shows the sketch of f{x) = L =
1-x
Draw sketches of the graphs of the following:
M) y=f'(, y<o 1
i) y=—— 2
2 4
X - X

Question 3 continues on the next page
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Question 3 (continued) Marks

(b)

The enclosed region between xy = 1 and xy = - 2 from x = 1to x = 3 is
the base of a solid.

Cross-sections of the solid perpendicular to this base and the x axis are
equilateral triangles.

el .
4

(i) Show that the area of the smallest cross-section is

(ii) Find the volume of the solid. 3

Question 3 continues on the next page
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Question 3 (continued) Marks

© )
(1, 1)
<
0 x
(-1, -1)
The sketch shows the graph of y = f(x).
Draw separate sketches of the following:
O y=f® 2
(i) y=Inflx) 2
(iii) y = f(x + |x]|) 2
(iv) »=cos 'f(x) 2

End of Question 3
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Question 4 (15 marks) Use a SEPARATE writing booklet Marks

P (xi, y1)

~‘ X
A

2 2
The sketch shows the graph of X+ y3 =4, x>0, y >0, meeting the axes at 4, B

(i) Find the coordinates of A 1
d l

(i) Showthat & = - («‘1}, x %0 2
dx X

(iii) Prove that the equation of the tangentat P(x,, y,) is

1
y=—[&)3x+4y13,x1¢0 2
X1

(iv) Thetangentat P(x,, y;) meets the x axis at X and the y axis at Y.

Find the length of XY. 2

Question 4 continues on the next page
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Question 4 (continued) Marks

(b) Suppose a, B, vy, 8 are the four roots of the polynomial equation

P(x) = X - Ax -1 =0 whereA isreal.

(i) By considering P” (x), or otherwise, show that at most two of the roots
are real. 3

(ii) Prove that the polynomial equation with the four roots o, BZ, yz, 5 is
4 2 2
X -2x -Ax+1=0 3

(iii) By considering another suitable polynomial equation, or otherwise,
prove that

o+ 1)p* + 1)l + 1)[8" + 1) = A° 2

End of Question 4
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Question 5 (15 marks) Use a SEPARATE writing booklet.

Marks

(@) (i) Find the derivative of x (sinx + cosx) + cosx - sinx

Yy
(ii) x= -1

3

The diagram shows the region bounded by the curves y = sinx and y = cosx
and the y axis.

The region is revolved about the line x = - 1

Use the method of cylindrical shells to find the volume of the solid of revolution.

Question 5 continues on the next page
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Question 5 (continued) Marks

(b)

The ends of a string of length 2] are attached to two points A and B where B is
vertically below A.

A particle P of mass m is attached at the mid-point of the string and rotates
about O, vertically below 4, at constant angular speed .

The tensions in the strings PA and PB are 3T and 2T, respectively.

g is the acceleration due to gravity.

Let ZPAO = 6

(i) Showthat Tcosb = mg 2
(i) Show that me’l = 5T 2
(iii) Provethat o > /529 2

2 2
(c) S and S’ are the two foci of the ellipse % + % =1

e is the eccentricity of the ellipse.

(i) Find Sand S’ 1
(ii) P(x,, y,) is any point on the ellipse. Prove that PS + PS’ = 9e 3

End of Question 5
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Question 6 (15 marks) Use a SEPARATE writing booklet. Marks

(a)

The diagram shows the hyperbola xy = 1 and the circle X+ y2 +Ax + By + C=0
meeting at the points P, Q, R, S.

Let x =t y = % be the parametric equations of the hyperbola.

The parameters at P, Q, R, S are p, g, r, s respectively so that P = (p, l)

p

(i) Provethat pgrs = 1 2

(ii) Show that the equation of the line I passing through O (0, 0) and
perpendicular to RSis y = rsx 2

(iii) Prove that the equation of the tangent at P(p, lj on the hyperbola is
p

x+p2y:2p 2

(iv) Prove that the line I passes through the point of intersection H of the
tangents at P and Q. 3

Question 6 continues on the next page
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Question 6 (continued)

Marks

7n_+ 3 intheform 4+ b+ _¢
n+ 3

nn + 1)(n + 3) n n+1

(b) ()

Express

n

(ii) LetS,,:Z a, b ,_c) . ZLZ b
- n n+1 n+3 1n 1n+1

7

Prove that S, <

End of Question 6
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+ 2: c
n+3
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Question 7 (15 marks) Use a SEPARATE writing booklet.

Marks

(a)

A particle A of mass m falls vertically from rest at a height h above the ground.

It is subject to a resistance mkv where v is its speed and Kk is a positive constant.
g is the acceleration due to gravity.

(i) Using the vertical axis as in the diagram, show that ¥ = k(U - v) where U
is the terminal speed of the particle.

(ii)

Be t=0,x=0 v=kU

At the same time as particle A falls from rest another particle B of mass m
is projected upward in the same vertical line as particle A with a speed of
kU, where U is the terminal speed of the particle.

Using the vertical axis as in the diagram, show that

av _ -k (U+v)

dx 1%

Question 7 continues on the next page

Y 12 THSC Mathematics Ext 2 0811.docx
Page 14 of 21
Friday, September 09, 2011



Question 7 (continued) Marks

(iii) Prove that the greatest possible height reached by particle B is
H=U(1—%ln(1+k)j 3

(iv) Prove by using the equation of motion in (i) that the speed of particle A at any
time tisgivenbyv=U(1 - e_kt) 3

(v) Similarly, it can be shown that for particle B,v=kUe “_ oy (1 -e kt)
[ DO NOT PROVE THIS |

The two particles collide after time T when particle A has fallen a distance X.

Given that h < H, prove that T = lln ( u ) 3
k U-h

(b) A point moves in the xy plane so that its coordinates at any time ¢ > 0 are
givenby x = 1 + sint, y = -cos 2t

Show that the point moves on a parabola and sketch the path of its motion. 3

End of Question 7
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Question 8 (15 marks) Use a SEPARATE writing booklet. Marks
4
(a) Let]n—f X -1, 2 3
2 xAx" -1
(i) Show that J, < ——R2— 2
2" -1
(i) Show that j, > =1 2
n. 4
1 X—n—l
(iii) Show that = 1
xezn—l Jl—x_zn
(iv) Find J, 3
(b) Asequence u,, u,, u;, ... isgivenby
u, =0, u, =1and u, = (n - VY(u,., + u,_,) , n=3
(i) Find u, 1
3 _1 1 .1 nl
(ii) Let A"'Z'i*ﬂ"" +(-1) -
Show that 4, , - 4, , = (-1)" (n-11)! 1
(iii) Prove by induction for n> 3 that u, = n!'4, 5

End of Examination Paper
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Student Number
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Question (Marks) g?lrrr;%l:fs Functions Harder Extension 1 Integration Conics Mechanics
1 (15) a-d /15
| 2 (15) a-c /15 | |
3 (15) ac /11 b /14
4 (15) a,b /15
5 (15) a /5 ¢ /4 b / 6
6 (15) b /6 a /9
7 (15) b /3 a /12
8 (15) b /7 a / 8
Total (120) /15 /35 /7 /32 /13 /18
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